Abstract. In this paper, we derive general integral identity by establishing new Hermite-Hadamard type inequalities for functions whose absolute values of derivatives are convex and concave. Corresponding error estimates for midpoint formula are also included. Moreover, some applications to special means of real numbers are also provided.
Introduction
Let f : I = [a, b] ⊂ R → R be a convex function defined on the interval I of real numbers and a, b ∈ I with a < b, then
The above inequality is known as Hermite-Hadamard's inequality. Many inequalities have been established for convex functions out of which above inequality is most popular due to its rich geometrical significance and applications. Both inequalities hold in the reversed direction for the function f to be concave. Recently, Kirmaci [5] obtained the following Hermite-Hadamard's type integral inequality. Theorem 1. Let f : I ⊆ R → R be a differentiable function on I • (the interior of I) such that a, b ∈ I • with a < b. If |f | is convex on [a, b] , then the following inequality holds:
In [3] S. Hussain et. al proved a variant of Hermite-Hadamard inequality as:
Theorem 2. Let f : I ⊆ R → R be a differentiable function on I • . Assume that q > 1 such that |f | q is concave function on I. Suppose that a, b ∈ I • with a < b and f ∈ L[a, b], then the following inequality holds:
In [9] C.E.M. Pearce and J.E. Pecaric proved the following result:
Theorem 3. Let f : I ⊆ R → R be a differentiable function on I • . Assume that q ≥ 1 such that |f | q is concave function on I. Suppose that a, b ∈ I • with a < b and f ∈ L[a, b], then the following inequality holds:
For recent results, generalizations and numerous applications concerning Hermite-Hadamard's inequality see ([1] , [2] , [3] , [4] , [7] , [8] ) and the references given therein. In [5] , authors provided the right estimations of Hermite-Hadamard inequality for convex functions. In this paper, the left estimations of the Hermite-Hadamard inequality with applications will be investigated.
Results and discussions
In order to proceed towards our main results, we prove the following lemma:
Proof. Integrating by parts, we can state
and
We obtain the desired result. Now we prove the following result by using above Lemma 1.
, then we have:
Proof. Using Lemma 1, convexity of |f | q and the Holder's inequality, we get
Since |f | p p−1 is convex, then Hermite-Hadamards inequality follows that
The proof is completed.
Proof. The Lemma 1 and well known power mean inequality follows that
|f | q is convex function implies that
Similarly,
If we combine above inequalities, we get the required result. The proof is completed. Corollary 2. Take x = a+b 2 in the above Theorem 5, we get
Theorem 6. Let f be defined as in Lemma 1 such that |f | is a convex function on I. Then we have the following inequality:
Proof. Using Lemma 1, the convexity of |f | with properties of modulus, we have
Since |f | is convex, then we obtain
Which completes the proof.
Corollary 3. In Theorem 6, put x = a+b 2 , we get
Remark 1. Using the convexity of |f | in Corollary 3, we get the inequality (1).
Theorem 7. Let f : I ⊆ R → R be a differentiable function on I • . Assume that q > 1 such that |f | q is concave function on I. Suppose that a, b ∈ I • with a < b and f ∈ L[a, b], then we have:
for each x ∈ [a, b] and p =−1 . Proof. Using Lemma 1 and the Holder's integral inequality, we get
Since |f | q is concave on [a, b], then Jensen's integral follows that
From the above inequalities, we get
Remark 2. Take x = a+b 2 in Theorem 7, we get the inequality (2).
Proof. Using the concavity of |f | q and the power-mean inequality, we obtain
As |f | q is concave, Jensen's integral inequality follows that
Corollary 4. Take x = a+b 2 in Theorem 8, we get
Remark 3. Using the convexity of |f | in Corollary 4, we get inequality (3).
The midpoint formula
Let d be such that a = x 0 < x 1 < x 3 < . . . < x n = b is the division of the interval [a, b] and consider the quadrature formula
is the midpoint version and E (f, d) denotes the error term. Here we derive some error estimates for midpoint formula. 
Some new inequalities are derived for the above means by using the results of Section 2.
Proof. This follows by Corollary 1, taking f (x) = e x . Proof. This follows by Corollary 2, taking f (x) = e x .
Conclusion. We derived general integral identity by establishing new Hermite-Hadamard type inequalities for functions whose absolute values of derivatives are convex and concave. Corresponding error estimates for midpoint formula are also included. Moreover, some applications to special means of real numbers are also provided. These results give better estimates as presented earlier in the literature.
